CP-Violation in Kaluza-Klein and Randall-Sundrum Theories by Ichinose, Shoichi
ar
X
iv
:h
ep
-p
h/
02
03
03
7v
1 
 5
 M
ar
 2
00
2
1
CP-Violation in Kaluza-Klein and Randall-Sundrum Theories
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University of Shizuoka, Yada 52-1, Shizuoka 422-8526, Japan
The Kaluza-Klein theory and Randall-Sundrum theory are examined comparatively, with focus on the five
dimensional (Dirac) fermion and the dimensional reduction to four dimensions. They are treated in the Cartan
formalism. The chiral property, localization, anomaly phenomena are examined. The electric and magnetic dipole
moment terms naturally appear. The order estimation of the couplings is done. This is a possible origin of the
CP-violation.
1. Introduction and Conclusion
If our present research direction of the string
and D-brane is right, the unification of various
forces should be, effectively at some scale, ex-
plained by some higher-dimensional theory. Then
it is quite sure that the real world of 4 dimensions
should be some approximation of the higher di-
mensional one. It is realized by the procedure
called dimensional reduction. There are two rep-
resentative and contrastive approaches, that is,
the Kaluza-Klein and the Randall-Sundrum theo-
ries. In the former case, the reduction is achieved
by the compactification of the extra space, while
in the latter one it is done by the localization of
the configuration along the extra dimension(s).
The two approaches look to have both advantages
and disadvantages in the phenomenological ap-
plication. Here we treat them in a comparative
way and examine their 4 dimensional(D) reduc-
tion properties.
We will present the higher dimensional ap-
proach to the CP-violation mechanism. As was
stressed by Thirring for the KK model[1], the CP-
violation naturally occurs also in the RS model.
2. Fermions in Kaluza-Klein Theory
Let us first review the 5D Kaluza-Klein the-
ory. This serves as the preparation for the same
treatment of the Randall-Sundrum theory in the
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next section. The 5D space-time manifold is de-
scribed by the 4D coordinates xa (a = 0, 1, 2, 3)
and an extra coordinate y. We also use the nota-
tion (Xm)=(xa, y), (m = 0, 1, 2, 3, 5). With the
general 5D metric gˆmn: ds
2 = gˆmn(X)dX
mdXn ,
we assume the S1 compactification condition for
the extra space: gˆmn(x, y) = gˆmn(x, y + 2π/µ) ,
where µ−1 is the radius of the extra space circle.
We specify the form of the metric as
ds2 = gab(x)dx
adxb + eσ(x)(dy − fAa(x)dxa)2 , (1)
where gab(x), Aa(x) and σ(x) are the 4D metric,
the U(1) gauge field and the dilaton field respec-
tively. f is a coupling constant. This specifi-
cation is based on the following additional as-
sumptions: 1. y is a space coordinate; 2. The
geometry is invariant under the U(1) symmetry,
y → y + Λ(x), Aa(x)→ Aa(x) + 1f ∂aΛ. We take
σ(x) = 0 in (1) for simplicity.
We take the Cartan formalism to compute the
geometric quantities[1]. The basis {θˆµ} (µ =
0, 1, 2, 3, 5 are the local Lorentz (tangent) frame
indices) of the cotangent manifold(T ∗pM) and the
fu¨nf-bein eˆµm are obtained as
θˆα = θα = eαadx
a, θˆ5 = dy − fAadxa, Aα ≡ e aα Aa,
(eˆµm) =
(
eαa 0
−fAa 1
)
, (eˆ mµ ) =
(
e aα 0
fAα 1
)
, (2)
where θα and eαa (α = 0, 1, 2, 3) are the 4D part of
eˆµm and θˆ
µ respectively. The first Cartan’s struc-
2ture equation gives the connection 1-form ωˆµν ,
ωˆ55 = 0, ωˆ
5
α = −
f
2
Fαβθ
β ,
ωˆαβ = ω
α
β −
f
2
Fαβ θˆ
5, Fαβ ≡ e aα e bβ Fab , (3)
where ωαβ is the 4D part.
The 5D Dirac equation is generally given by{
γµeˆ mµ
∂
∂Xm
+
1
8
(ωˆσ)µνγσ[γ
µ, γν ]− mˆ
}
ψˆ = 0. (4)
The spin connection above (ωˆσ)µν is defined by
ωˆµν = (ωˆλ)
µ
ν θˆ
λ. The 5D Dirac matrix γµ satisfies
{γµ, γν} = 2ηˆµν , ηˆµν = diag(−1, 1, 1, 1, 1). For
simplicity we switch off the 4D gravity: eαa →
δαa , ω
α
β → 0. The parameter mˆ is the 5D fermion
mass. In the present case, using (2) and (3), the
eq.(4) says{
γa(∂a + fAa∂5) + γ
5∂5
+
f
16
Fabγ
5[γa, γb]− mˆ
}
ψˆ = 0 . (5)
We consider the following form of the fermion:
ψˆ(x, y) = ei(φγ5+µy)ψ(x) . Here we regard the
fermion as a KK-massive mode. The angle pa-
rameter φ is chosen as
(iγ5µ+ mˆ)e
2iφγ5 =
√
mˆ2 + µ2 ≡M, tan 2φ = − µ
mˆ
. (6)
Then (5) reduces to
{γa(∂a + ieAa)−M+
1
16M
(mˆ
e
µ
− ieγ5)Fabγ5[γa, γb]
}
ψ = 0 , (7)
where e ≡ fµ is the electric coupling constant.
We notice, in this expression, the electric and
magnetic moments appear.
1
16
mˆ
Mµ
eFabψ¯γ
5[γa, γb]ψ, − i
16
1
M
eFabψ¯[γ
a, γb]ψ. (8)
The first term violate the CP symmetry. Note
that the second term usually appear, in the 4D
QED, as the quantum effects.
Let us do the order estimation. From the re-
duction of
∫ √−gˆLgrav = 1
G5
∫
d5X
√−gˆRˆ,
1
G5
2π
µ
∫
d4x
√−g(R− f
2
4
FαβFαβ + · · ·), (9)
we know G5µ ∼ G, f2/G5µ ∼ 1 , where G is
the gravitational constant. This gives f ∼
√
G =
10−19GeV−1. On the other hand, we know e =
µf ∼ 10−1. Hence we obtain µ ∼ 10−1f−1 ∼
1018GeV. Assuming mˆ ∼ µ, we can estimate the
electric and magnetic couplings as
mˆ
Mµ
e ∼ e
M
∼ 10−19GeV−1 ∼ 10−32e cm , (10)
which is far below the experimental upper bound
of the neutron electric dipole moment 6.3×10−26e
cm.
3. Fermions in Randall-Sundrum Geome-
try
We consider the following 5D space-time geom-
etry[2].
ds2 = e−2σ(y)ηabdx
adxb + dy2 = gˆmndX
mdXn,
−∞ < y < +∞ , −∞ < xa < +∞, (11)
where σ(y) is regarded as a scale factor field.
(ηab) = diag(−1, 1, 1, 1). When the geometry is
AdS5, σ(y) = c|y|, c > 0. Such a situation, in
the present case, occurs in the asymptotic region
of the extra space y → ±∞. The 1-form θˆµ, the
fu¨nf-bein eˆµm and the connection 1-form ωˆ
µ
ν are
given by
θˆα = e−σηαadx
a , θˆ5 = dy ,
(eˆµm) =
(
e−σηαa 0
0 1
)
, (eˆ mµ ) =
(
eση aα 0
0 1
)
,
ωˆ55 = 0 , ωˆ
α
5 = −ωˆ α5 = −σ′θα ,
ωˆ5α = −ωˆ 5α = σ′θα , ωˆαβ = 0 , (12)
where σ′ = dσ
dy
.
As the fermion model, the (5D) Dirac theory
(4),
√−gˆLDirac, is not accepted physically be-
cause the fermion configuration does not local-
ize (around y = 0) in the extra space. Nature
requires the Yukawa interaction between the 5D
fermion and the 5D Higgs[3].
Hence we examine the fermion behavior un-
der the Yukawa coupling with the Higgs scalar:√−gˆL = √−gˆ(LDirac + LY ), LY = igY ¯ˆψψˆΦ,
where Φ is the 5D(bulk) Higgs scalar field and
gY is the Yukawa coupling. This reduces to
ieσ{γa∂a + 2e−σ(σ′ − 1
2
∂y)γ5 − gY e−σΦ}ψˆ = 0. (13)
3A solution of the right chirality zero mode:
ψˆ(x, y) = ψ0R(x)η(y), γ5ψ
0
R = +ψ
0
R, γ
a∂aψ
0
R = 0
, is obtained by
∂yη = (2σ
′ − gY Φ(y))η . (14)
In the far region, the solution behaves as η(y) =
const × e−(gY v0−2ω)|y| , which shows the expo-
nentially damping for the large yukawa coupling
gY > 2ω/v0. (ω and v0 is the asymptotic values
of σ′(y) and Φ(y)[4]. ) This is called massless
chiral fermion localization. In the near region,
η(y) = const× e− k2 (gY v0−2ω)y2 , which shows the
Gaussian damping. (1/k is the thickness param-
eter of the wall. )
Now we analyze the 5D QED, LQED =
−e ¯ˆψγµeˆ mµ ψˆAm, with the Yukawa interaction in
RS geometry:
√−gˆ(LDirac + LEM + LQED +
LY ),LEM = − 14 gˆmngˆklFmkFnl . We assume,
as in the previous paragraph, gˆmn and Φ are
the brane background obtained from the gravi-
tational and Higgs systems:
√−gˆ(Lgrav + LS).
Let us examine the bulk quantum effect. It in-
duces the 5D effective action Seff which reduces
to the 4D action in the thin wall limit. From the
diagram of Fig.1(left), we expect
δS
(1)
eff
δAµ(X)
≡< Jµ >∼ e2gY ǫµνλστΦF νλF στ . (15)
Then the effective action is integrated as
J
A
A
e
g
Y e
J
A
e
g
Y
e
Figure 1. The left diagram induces the effective
action S
(1)
eff , while the right one induces S
(2)
eff .
S
(1)
eff ∼ e2gY
∫
d5XǫµνλστΦA
µF νλF στ . (16)
In the thin wall limit we may approximate as
Φ = Φ(y) ∼ v0ǫ(y) where ǫ(y) is the step
function. Under the U(1) gauge transformation
δAµ = ∂µΛ, S
(1)
eff changes as
δΛS
(1)
eff ∼ e2gY v0
∫
d5Xǫµνλστ ǫ(y)∂
µΛF νλF στ
= −e2gY v0
∫
d4xΛ(x)Fαβ F˜αβ , (17)
where F˜αβ ≡ ǫαβγδF γδ. In the above we assume
that the boundary term vanishes. Callan and
Harvey interpreted this result as the ”anomaly
flow” between the boundary (our 4D world) and
the bulk[5].
Through the analysis of the induced action in
the bulk, we can see the ”dual” aspect of the 4D
QED.
Another interesting bulk quantum effect is
given by Fig.1(right). The induced effective ac-
tion S
(2)
eff is expected to satisfy
δS
(2)
eff
δFµν
≡< Jµν >∼ e2gY ǫµνλστ∂λΦ¯ˆψΣστ ψˆ . (18)
Then S
(2)
eff is obtained as, in the thin wall limit,
S
(2)
eff ∼ e2gY ǫµνλστ
∫
d5X∂λΦFµν
¯ˆ
ψΣστ ψˆ
= e2gY v0ǫαβγδ
∫
d4xFαβψ¯σγδψ . (19)
This term is the ”dual” of the magnetic moment
term of (8). It is a CP-violating term. The cou-
pling depends on the vacuum expectation value
of Φ.
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